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We calculate the joint probabilities and the correlation function in Einstein-Podolsky-Rosen type 
experiments with a massive vector boson in the framework of quantum field theory. We report on 
the strange behavior of the correlation function (and the probabilities) - the correlation function, 
which in the relativistic case still depends on the particle momenta, for some fixed configurations 
has local extrema. We also show that relativistic spin-1 particles violate some Bell inequalities 
more than nonrelativistic ones and that the degree of violation of the Bell inequality is momentum 
dependent. 

PACS numbers: 03.65 Ta, 03.65 Ud 



I. INTRODUCTION 



Different aspects of quantum information theory [ij in 
the relativistic context have been discussed in many pa- 
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m, [33, [38|, |39|, |40|, |41|, |4^, |43l , mostly for 
massive particles. Photons have only been discussed in 
a few papers [1, 0, 0, [H, [13, [H, [H, [H, [H, . Most 
of these works were performed in the framework of rela- 
tivistic quantum mechanics. However, for the discussion 
of relativistic covariance the most appropriate framework 
is the quantum field theory (QFT) approach. Recently 
wc have discussed the Einstein-Podolsky-Rosen (EPR) 
correlation function for a pair of spin-^ massive particles 
in the QFT framework [§]. In the present paper we con- 
sider a pair of spin-1 massive particles in this framework 
and calculate the correlation function in EPR-type ex- 
periments for such a pair in a covariant scalar state. We 
also calculate the probabilities of the definite outcomes 
of spin projections measurements performed by two ob- 
servers - Alice and Bob. 

We observe very surprising behavior of the correlation 
function (as well as the probabilities). In the center-of- 
mass frame for the definite configuration of the parti- 
cles momenta and directions of the spin projection mea- 
surements the correlation function still depends on the 
value of the particle momentum. It also appears that for 
some configurations this dependence is not monotonic. 
In other words, for fixed spin measurement directions 
and particle momenta directions, the correlation func- 
tion (and probabilities) can have an extremum for some 
finite value of the particle momentum. As far as we are 
aware this is the first time, that such behavior of the 
correlation function has been reported. 

This strange behavior of the correlation function also 
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affects the violation of the Bell- type inequalities. Our 
analysis shows that relativistic vector bosons violate Bell 
inequalities stronger than nonrelativistic spin-1 particles 
and that the degree of violation of Bell inequality depends 
on the particle momentum. 

In Sec. 11 we establish notation and recall basic 
facts concerning the massive spin-1 representation of the 
Poincare group and quantum spin-1 boson field. In 
Sec. Ill we define one- and two-particle states which 
transform covariantly with respect to the Lorentz group. 
In the next section we discuss the spin operator. Sec. V is 
devoted to the explicit calculation of the probabilities and 
correlation function for the boson pair in the scalar state. 
In Sec. VI we discuss our correlation function and prob- 
abilities . Sec. IVlll is devoted to the analysis of Bell- type 
inequalities for spin 1 particles in the relativistic context. 
The last section contains our concluding remarks. 

In the paper we use the natural units h = c = 1 and 
the metric tensor r;'^" = diag(l, —1, —1, —1). 



II. PRELIMINARIES 

For the readers convenience we recall the basic facts 
and formulas concerning the spin one representation of 
the Poincare group and quantum vector boson field. 



A. Massive representations of the Poincare group 

Let us denote by Ti the carrier space of the irre- 
ducible massive representation of the Poincare group. It 
is spanned by the four-momentum operator eigenvectors 
\k,a) 



(1) 



k^ = m? , with m denoting the mass of the particle, and 
a its spin component along z axis. We use the following 
Lorentz-covariant normalization 
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{k,a\k',(j') = 2fc"5^(k-k')<5. 



(2) 
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The vectors \k^a) can be generated from standard vec- 
tor |fc,cr), where k = m(l, 0,0,0) is the four-momentum 
of the particle in its rest frame. We have \k,a) = 
U{Lk)\k,cr), where Lorcntz boost Lk is defined by re- 
lations k ~ Lf^k, = U. The explicit form of L/j is 



Lk = 









■in. 




m — T 


_k 

m 


1- 


'~m(m+feO) 



(3) 



where k^ = -\/ m? + . 

By means of Wigncr procedure we get 

[/(A)|fc,a) =PL(i?(A,fc))|Afc,A), 



(4) 



where the Wigner rotation i?(A, k) is defined as 
R{A,k) ~ L^^ALfe. Because we are going to analyze 
correlations of spin one particles, in the sequel we will 
focus on the representation 2?^ (i?(A, A:)) = 2?(i?). There 
exists such unitary matrix V that every matrix 'D{R) is 
related to R by 



V{R) = VRVK 
'D{R) are generated by S*, i = 1, 2, 3, 



(5) 




1 
5"^ = I 

0-1 



(6) 



(see e.g. Q), that is 'D{R) = e'"^^. Taking into account 
the form of generators of the rotations R i.e. [P]jk = 
"ieijk, we can easily determine the explicit form of ma- 
trix V 



1 



-1 i 



(7) 



where = Q{k°)5{{k°f - cj^) = |^ is the Lorentz- 

invariant measure, tok = Vk^ + m? , o-tik) a-nd aa-{k) are 
creation and annihilation operators of the particle with 
four-momentum k and spin component along z-axis equal 
to a. They fulfill canonical commutation relations 

= K(fc),a,,(fc')] = 0, (10a) 
[aa{k),al,{k')] = 2fc°(5(k-k')5..'. (10b) 

The field satisfies Klein-Gordon equation and Lorcntz 
transversality condition, which imply 



.2 ^ 



fc,,e^,(fc) = 0. 



(11) 



The one-particle states \k,(j) aj.(fc)|0) transform ac- 
cording to Q provided that 

U{A)ai{k)U^A) = V),,{R{A,k))a{{Ak), (Us.) 
U{A)a,{k)UHA) = Vl^{R{A,k))axiAk). (12b) 

Here |0) denotes Poincarc invariant vacuum with (0|0) = 
1; a„{k)\0) = 0. Equations (|8ll2p imply the Weinberg 
conditions for amplitudes e''^(fc) 

e^,(Afc) = A^,e';(fc)I?(i?(A, k)U. (13) 

From Eq. wc have 

e(fc) = ifce(fc), (14) 

where Lk is given by ^ and we used the fact that 
R{Lk,k) — 1. Therefore, to find the explicit form of 
e^g.(fc) it is enough to determine e^^(fc). From Eq. pT|) 
we get 



K(fc)] 







(15) 



where e is a 3 x 3 matrix. Now, from the Weinberg con- 
dition (I13p for pure rotations and by means of Eq. ([S]) 
and Schur's Lemma wc find 



e=V\ 



(16) 



where explicit form of V is given by ([7|). Finally from 
(fT4l) we have 



B. Vector field 

Under Lorcntz group action the vector boson field op- 
erator ip^ix) transforms according to 



U{A)r{x)U\A)^{A~^r^^%Ax). 



(8) 



The field operator has the standard momentum expan- 
sion 



(x) = {2n)-'/' J2 fdf,{k)[e^''^e'^Ak)aUk) 



-e-^^^e*^Ak)a.{k)\ , (9) 



e(fc) 



Equations (jl6ll7p imply 



m(m+fc") 



(17) 



e*''^(/c)e^A(fc) = -^aA, 




(18a) 


e';(A:)e^A(fc) - -{W'^)-)^. 




(18b) 


e*^^{k)e\{k) = -rr + ^^. 




(18c) 









where eik)VV^ = e*{k), and VV^ = 


1 


:') 
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III. COVARIANT STATES 
A. One-particle covariant states 

In the discussion of Lorentz-covariance it is convenient 
to use states 

|(A.,fc)) =e^,(fc)|fc,a), (19) 

which transform covariantly 

C/(A)|(^,fc)) = (A-i)^J(z.,Afc)). (20) 

They are normahzed as foUows [c.f. ^] 

((/i, fc)|(i.,p)) = 2fcO<5(k - p)eZ{k)e''^{p). (21) 

Arbitrary one-particle state can be expanded in the stan- 
dard basis |fc, a) as well as in the covariant one 



d^lik)iJ4k)\k,cT) ^ / d/.(fc)*^(fc)|(/i,fc)), 



where 



vI/^(fc)e^<,(fc)=7A,(fc). 



B. Two-particle covariant states 



(22) 
(23) 



In analogy to we can define covariant basis in the 
two-particle sector of the Fock space 

\ifi,k),{:y,p)) ^ e''Ak)e\ipm,a),ip,X)), (24) 

where \{k, a), {p, A)) = a^^{k)a\{p)\0). The most general 
two-particle state has the form 



J dtiik)dfiip)iP^xik,p)\ik,a),ipA)) 

= J dp{k)dfi{p)^^,ik,p)\i^i,k),{iy,p)). (25) 

One can see that 

^^,{k,p)e''^{k)e\ip) = VaA(fc,p). (26) 

Moreover it holds 

«'^''(/c,p) = *'''^(p,fc), (27a) 
k^^^''ik,p)^-^^''{k,p)p,^0. (27b) 

Wc can now define two-particle states transforming ac- 
cording to irreducible representations of Lorentz group. 
The scalar state describing particles with sharp momenta 
is defined as 

I*,) =7?^,|(//,fc),(i/,p)). (28) 
In terms of ([M)) it takes the form 

\^s)=V^.Mk)e\ip)\ika)Ap,X))- (29) 



There are also two independent tensor states, the sym- 
metric traceless 

1*^,™) = US'J''f3 + V» - hrv.0)\ia,k), {P,p)), 

(30) 

and the antisymmetric one 

\nsyrn) = U^'J^P - S^^^S^i^^k), {P , p)) . (31) 

In the sequel we will analyze correlations in the scalar 
state (Hi). 



IV. SPIN OPERATOR 

When we want to calculate explicitly correlation func- 
tions, we need to introduce the spin operator for rela- 
tivistic massive particles. Several possibilities have been 
discussed in the literature (see e.g. [1, H, [13, [ll|, [l^, [H, 
m, [13, S [13, El)- We choose the operator 



which is the most appropriate [1, [H, [4^ . Here 



(32) 



(33) 



is the Pauli-Lubanski four-vector, P^, is the four- 
momentum operator, J^^ denote the generators of the 
Lorentz group such that U{A) = exp(icj^'^ j^,y), and we 
1. Consequently the spin operator S acts 



assume e 



0123 



on one-particle states according to 

S|A:,a) = Sa.|A:,A), (34) 
In the Fock space S takes 



where 5* are defined by 
standard form 



dp{k)a' {k)Sa{k), 



(35) 



where the column matrix 

a{k) = {a+i{k),ao{k),a-i{k)f. From Eqs. (|18all9p we 
get 

S|(a,fc)) = -[e(fc)S^et(fc),7]"^|(/3,fc)). (36) 

In real experiments detectors register only particles 
whose momenta belong to some definite region f2 in mo- 
mentum space. Therefore we need the operator which 
acts similar to ([M)) on particles with four-momenta be- 
longing to fl and yields in all other cases. Such an 
operator has the following form 



Sfj = / d^{k)a^{k)Sa{k). 



(37) 
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V. PROBABILITIES AND THE CORRELATION 
FUNCTION 

Let us consider two distant observers, Alice and Bob, 
in the same inertial frame, sharing a pair of bosons in 
scalar state |^'s) defined by (p9)) . 

Now let Alice measure spin component of her boson 
in direction a and Bob spin component of his boson in 
direction b, where |a| = |b| = 1. Their observables are 
(a-S/i) and (b-Ss), respectively, where (a; -So) is de- 
fined by ((37)) with H. equal A and B, and u) equal to a 
and b, respectively. We assume that An B = (d. Now 
we would like to explicitly calculate probabilities PcrA of 
obtaining particular outcomes a and A by Alice and Bob, 
respectively (u and A can take values ±1 and 0). Let us 
first notice, that from Eqs. (gj), ([Ml), and we have 

(a;.Sj,)|(fc,A),(p,a)) 

= u; • [xn{k)Sx>xSa'cr + Xn{p)Scr'aS\'\]\{k,\'), {p^cr')), 

(38) 

where the characteristic function xnil) is defined in a 
standard way 



when 5 G ri, 
when q ^ fl. 



(39) 



However, in EPR-type experiments we take into account 
only such measurements in which Alice and Bob register 
one particle each. Therefore we are actually interested in 
spectral decomposition of observable {u) ■ Sn)no, where 
IIq is a projector (in the two-particle sector of the Fock 
space) on the subspace of states corresponding to the 
situation in which exactly one particle has momentum 
from the region Jl. To find the explicit form of the IIq 
we use the particle number operator answering the 
question how many particles have momentum from Q. 
In the two-particle sector of the Fock space we have the 
obvious spectral decomposition of Nn 



Nn 



and in the basis 



o-n?, 



(40) 



In Eq. (|40l) Yl}^, i = 0,1,2, denotes a projector on the 
subspace of two-particle states, in which exactly i parti- 
cles have momenta from fi. From Eqs. (j40l |4T|) we find 



ill, = 2Nn - Nl 



(42) 



and 



n^|(fc,A),(p,a)) 

= [x^^(fc)+x^2(p)-2xo(fc)x^(p)]|(fc,A),(p,a)). (43) 
Therefore from ([38]) and ([43]) we finally get 



(a;.So)n,\|(fc,A),(p,a)) 

= • [xn{k) [1 - xnip)] ^x'xSa'a 
+ Xn{p) [1 - Xn (fc)] S,v<5a' A } | (fc, A'), (p, a')) • (44) 

By definition the observable wSoIIn measures the spin 
component of one particle in the direction u), therefore 
its spectral decomposition is 

{uj ■ Sn)fih = 1 • n^^. - 1 ■ n^,^ + • nL, (45) 



where the projectors Hq^ and tlf^^ correspond to eigen- 
values ±1 and 0, respectively. Simple calculation gives 



= i(a;.So)[(u;-So)±l]nf\, (46a) 
nL = [l-(^-Sa)']fl^. (46b) 



Now we can find explicitly the probabilities men- 
tioned above in the state ([25)1 . 



(47) 



iVn|(fc,A),(p,a)) = [xn{k)+Xnip)]\{k,X),{P,<^))- (41) From Eqs. 



we find 



n^l*.) = hv^.e\ik)e''Ap){[('^ • S)2 ± u; . S] ^,J,,^xn{k)[l - Xn{p)] 

+ [{uj • S)2 ± a; • S]^,/a'aXo(p) [l - Xn{k)]}\{k, A'), {p, (48a) 

nLl*.) = il,..e\{k)e%{p)[Sy,S,,4xn{k) + xn{p)f - (^ • S)l,^S,,,xn{k) [l - xn{p)] 

- (u ■ S)l,jx,xxnip)[l - xn(fc)] }|(fc, A'), ip,a')). (48b) 
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Let us assume, that Alice can measure only the bosons 
with four-momentum k and Bob those with four- 
momentum p, i.e. 



Xa{p) = XB{k) = 0, 



and 



XAik) = Xb{p) = 1 
After a little algebra we find 
1 



(49) 



(50) 



P±± = 



(kpf 



Tr{M(k,a)7;M(p,b)7? 



4[2 

^7V(k,a)77iV(p,b)r,}, 

^ -Tr{M(k,a)7?Af(p,b)?7 



(51a) 



{kpY 



4r2-f- — t- 

-fiV(k,a)r/iV(p,b)r/}, (51b) 
^o± - ^7^Tr{r(k,a)7,A/(p,b)7?}, (51c) 



P±o = 



2f2 + %)- 



1 



2f2 + ^ 



-Tr{M(k,a)77T(p,b)7?}, (51d) 



-^Tr{T(k,a)7?T(p,b)77}, (51e) 



where we have introduced the following notation 

iV(q,a;)"'3 = e*^(g)(a; • 8)^.6^,(9), (52a) 
M(q,a;)"'5 ^ e*^(g)(a; • S)Le'',(g), (52b) 
T(q,a;)"'' ^ e-,(g) - (u; • S)L] e''.(g),(52c) 

(for explicit form of matrices N , M, T see App. A.). All 
the above probabilities add up to 1. 

Using Eqs. ([51]) and (|Aip one can easily find explicit 
form of the probabilities for arbitrary a, b, k and p. 
However, the resulting formulas appear to be rather long 
and we do not put them here. In the next section we are 
going to limit ourselves to the simpler case when Alice 
and Bob are at rest with respect to the center of mass 
frame (CMF) of the boson pair. 

In EPR-type experiments we usually analyze the spin 
correlation function defined as 



Cab = ^ ActPact, 



(53) 



where cr, A denote spin projections on the directions a 
and b, respectively, and P\a is the joint probability of ob- 
taining results (T, A. Let us notice that cases when cr or A 
equal do not contribute to the correlation function ([53)) . 
In principle one could define the "normalized" correla- 
tion function as Cab [Eq. ([55)) ] divided by X^cr a^o 
However we prefer to deal with the function ()53p which 
contains more information. The "normalized" correla- 
tion function can be also easily calculated by means of 



Eqs. ([?!)) . Therefore in our case (s = 1) the correlation 
function takes the following form 

Cab(k, p) = P++ + P— - P-+ - P+-, (54) 

which in notation (|5^ reads 



Cab(k, p) = - 



1 



2+i^ 



-Tr{Ar(k,a)ryiV(p,b)r/}. (55) 



Of course the above correlation function can be also 
found by means of standard formula 



After some calculation we get 
Cab(k,p) 



2 + 



(kp)- 



I -a b 



[a.(kxp)][b.(kxp): 

m?{m + k^){m + p") 



(a.p)(b.k)-(a.b)(p.k) 



(a • p)(b • p) - p2(a • b) _^ (a • k)(b • k) - k2(a • b) 



^ (k.p)(a.p)(b.k)-(k.p)2(a.b 



}. (57) 



In the next section we will analyze behavior of the prob- 
abilities and the correlation function in the CMF frame. 



VI. PROBABILITIES AND CORRELATION 
FUNCTION IN CMF FRAME 

In the CMF frame p = — k and probabilities ([5T)) take 
the form 

P±± = 4[2+(iV2.)^] { (1 + 2^)' - 2(1 + 2a;)(a ■ b) 

-f 4x(a • n) (b • n) - 4a;(x + 1) [(a • n)^ + (b • n)^] 
+ [a-b + 2x(a-n)(b-n)]^|, (58a) 

^±T = 4[2+(lWT{(l + 2^)' + 2(l + 2.^)(a-b) 

-4x(a • n) (b • n) - 4a;(.T + 1) [(a • n)^ 4- (b • n)^] 
+ [a-b-H2x(a-n)(b-n)]^}, (58b) 



-[a-b + 2a;(a-n)(b-n)]^|, 

^±0 = 2[2+(iW] {^ + '^^(^ + -^)('"-")' 
-[a-b + 2.T(a-n)(b-n)]^|, 

-^00 = 2+(i+2x)^ [a-b + 2a:(a-n)(b-n)]' 



(58c) 



(58d) 
(58e) 




FIG. 1: The plot shows dependence of probabihties Po-a in 
CMF frame on x for a-b — —1, a-n = b-n — 0. The 
probabilities P++ and P__ have maximum equal to 3/8 for 
X = 1/2. Probabilities Po± and P±o vanish. 



where x = {j^^ ' ~ Furthermore in this frame 
the correlation function reduces to 



Cab(k,-k) 

2 

2+(l + 2a;)2 



[- (l + 2.T)(a-b) + 22;(a-n)(b-n)] (59) 



U x„ 



FIG. 2: The plot shows dependence of correlation function 
Cab in CMF frame on x for a-b = —1, a-n = b- n = 0. The 
function has maximum equal to 1/V2 for x,^ = {V2 - l)/2. 
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For a given configuration of directions a, b and n the 
probabilities and the correlation function depend on the 
value of the three-momentum of the particles. What is 
very unexpected, for some configurations the probabili- 
ties and the correlation function have local extrema. It 
suggests that for some values of momenta Bell inequali- 
ties may be violated stronger. We discuss this possibility 
in the next section. 

Configurations can be found where the correlation 
function and some of the probabilities have local extrema, 
while other probabilities are monotonic (see Figs. [1] [2). 
Configurations can also be found, where all the probabil- 
ities are monotonic and such configurations where all of 
the probabilities and the correlation function have local 
extrema (see Figs. [31 S]). 

Finally let us consider the ultra-relativistic {x — > oo) 
and non-relativistic {x — > 0) limits of formulas and 



FIG. 3: The plot shows dependence of probabilities Po-a in 
CMF frame on x for a • b = -1/2, a • n = b ■ n = 1/2. The 
probabilities P++, P--, Po± and P±o have maxima for x = 

1/2 while probabilities Poo, P h and P__ have minima for 

X = 1 and x = 1/3, respectively. 

Ultra-relativistic limit 

In the ultra-relativistic limit the probabilities take the 
form 

P±±=P±T = i(l-(a-n)2)(l-(b.n)2), (60a) 

Po± = ^(l-(b.n)2), (60b) 

P±o = i^^(l-(a.n)2), (60c) 

Poo = (a-n)2(b-n)2, (60d) 

and the correlation function vanishes 

Cab(k,-k)=0, (61) 

which means that for ultra fast particles there is no corre- 
lation between outcomes of measurements performed by 



FIG. 5: Dependence of probabilities (|60|l on a - n and b - n in the ultra-relativistic limit. 



0.4 
0.35 




o 

" 0.15 



0.1 
0.05 

-I— t , , , , r»- 

2 4 6 8 10 

X 

FIG. 4: The plot shows dependence of the correlation function 
Cab in CMF frame on x for a ■ b = —1/2, a ■ n = b ■ n = 1/2. 
It has maximum equal to (\/T9 — l)/8 for x,,, — (\/T§ — 2)/6. 



Alice and Bob. One can notice that in this limit none of 
the probabilities (pD|) depend on relative configuration of 
directions a and b but only on their configuration with 
respect to direction of the momentum n. Fig.[5]illustrates 
the dependence of probabilities (|60p on scalar products 
a • n and b • n. 



Non-relativistic limit and the correlation function reads 



Now in non-relativistic limit the probabilities are 

P±± = T^(l-(a.b))2, (62a) 
P±T = i^(l + (a-b))2, (62b) 
Po±=P±o = i(l-(a.b)2), (62c) 
Poo = i(a-b)2, (62d) 



Cab = -4a-b. (63) 
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Let us note that in this hmit probabihtics and the corre- 
lation function do not depend on the momentum k. One 
can also easily check that in this case they are the same as 
calculated in the framework of non-relativistic quantum 
mechanics in the singlet state 



\l) 



1) 



|0)|0) 



(64) 

where |1), |0) and | — 1) are states with spin component 
along z-axis equal to 1, and —1, respectively. 

VII. BELL-TYPE INEQUALITIES 

The spin-1 system has three degrees of freedom, which 
makes the full analysis of Bell inequalities much more 
difficult and subtle (sec e.g. [H, 113, HI] ) • In the present 
paper we will show that at least for some Bell-typc in- 
equalities its violation strongly depends on the particle 
momenta. Moreover we discuss inequality which is sat- 
isfied for the nonrelativistic correlation function but is 
violated in the relativistic case. 

For spin-i particles the most commonly discussed 
Bell-type inequality is the Clauser-Horne-Shimony-Holt 
(CHSH) inequality 



\Cah — C'adI + |Ccb + Ccdl < 2 



(65) 



In (j65p Cab denotes the correlation function of spin pro- 
jections on the directions a and b. One can easily check 
that ((65|) is also vahd for spin-1 particles, (see e.g. [5l|). 
The nonrelativistic correlation function (j63p does not vi- 
olate the inequality Indeed, inserting (|63p into ([55]) 
we get 



la b a dl + Ic b + c dl < 3. 



(66) 



The largest value of the left side of ((66|) is equal to 2^2, 
therefore ([66|l holds in all configurations. In the rela- 
tivistic framework, inserting ([55)1 into (|65p we get the 
following inequality: 

^^^^{|(l + 2.)[(a.b)-(a.d)] 

- 2x[(a-n)(b-n) - (a-n)(d-n)] 

+ (l + 2a;)[(c-b) + (c-d)] 

-2a:[(c-n)(b-n) + (c-n)(d-n)] | < 1. (67) 

Our numerical simulations show that the largest value 
of left side of (ETD is equal to 1. Therefore the CHSH 
inequality is not violated in the relativistic framework, 
either. 

Therefore for spin 1 particles we have to consider other 
Bell-type inequalities. 

According to Mermin's paper [4^ , in EPR-type exper- 
iments with a pair of spin-1 particles in the singlet state 
the following inequality has to be satisfied 




0.8 



FIG. 6: The plot shows dependence of the left side of the 
inequality (|72|l on x. The plotted function has maximum 
value equal to 3^/4 for x = (^2 - l)/2. 



in the theory which fulfills the assumptions of local re- 
alism. This inequality, similar to the CHSH one, is not 
violated in the nonrelativistic quantum mechanics. In- 
deed, inserting ([63]) into ([68]) we get the inequality 



^(a b-^b c + c a) < 1 



which is equivalent to 



1 



-[3-(a + b + c)2] <1. 



(69) 



(70) 



The left side of ([70)1 is largest when a + b + c = 0. In 
this case ([70)1 is of course fulfilled. Therefore nonrela- 
tivistic quantum mechanics does not violate the Bell-type 
inequality 

However, we show that the inequality (|68p can be vi- 
olated in the relativistic framework. Inserting (|59p into 
inequality (|68|) we get 

^^^^^{-(l + 2.)(a.b + b.c + c.a) 

-h2a;[(a-n)(b-n)-f (b-n)(c-n)-|-(c-n)(a-n)]| < 1. 

(71) 

In the configuration a+b+c = 0, a-n = b- n = c- n = 
([7T|) takes the form 



3(1 2a;) 
2 + {l + 2xy 



< 1, 



(72) 



Cab + Cbc + Cca < 1, 



(68) 



and one can easily check that this inequality is violated 
for < X < 1/2. (Let us note that the value x = 
corresponds to the nonrelativistic limit for which the in- 
equality is not violated) . The dependence of the left side 
of the inequality ([721) is shown on the Fig. [S) 

In the paper [49| another Bell-type inequality, which 
is violated in the nonrelativistic case, is considered. This 
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FIG. 7: The plot shows dependence of the left side of the 
inequality (|75|) on The value x = corresponds to the 
nonrelativistic case The plotted function has maximum value 
equal to 3^/4 for x = (\/2 - l)/2. 
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FIG. 8: The plot shows dependence of the left side of the 
inequality (|75p on x for 6 = 2tt/3 corresponding to the con- 
figuration a + b + c = 0. The plotted function has maximum 
value equal to 9/8 for x — 1/6. 



inequality contains not only a correlation function but 
also the average value of the difference of spin projections 
measured by Alice and Bob and has the following form: 

^|A-a|PAa(a,b)>ac + Cbc. (73) 

A, (7 

Wc have calculated the probabilities PAcr(a, b) [Eqs. ([55)1 ] 
therefore we can analyze the inequality (j73[) also in the 
relativistic framework. Inserting (j58p and ([63|l into ((73|) 
we obtain the inequality 

^^(^^{-(l + 2x)(a.b + b.c + c.a) 

+ 2a;[(a-n)(b -n) + (b- n)(c -n) + (c •n)(a-n)] 

+ i [(a • b) + 2x{a • n)(b • n)] '} < 1. (74) 

This inequality is stronger than ([7T|) . Let us analyze 
the inequality (j74[) in the configuration considered in 
[jgt . that is let us assume that a, b, c are coplanar and 
a • b = cos (tt — 29), a - c = b • c = cos(7r/2 + 6). More- 
over let us assume that a-n = b- n = c- n = 0. In this 
configuration ([74]) takes the following form 

2(1 -h 2a;) [2 sine -h cos(26l)] + cos2(26l) 

2 + (l + 2.x)2 - 

We have shown the dependence of the left side of ((75|) on 
9 for two chosen vales of x: x = corresponding to the 
nonrelativistic case and x = 1/6 on Fig. [71 We show the 
dependence of the left side of ([75]) on x in Fig. ([8]). We 
have chosen 9 ~ 2t:/^ corresponding to the configuration 
a + b + c = considered earlier. 

Summarizing, our analysis shows that relativistic vec- 
tor bosons violate Bell inequalities more than nonrela- 
tivistic spin-1 particles and that the degree of violation 
of the Bell inequality depends on the particle momentum. 



VIII. CONCLUSIONS 

We have discussed joint probabilities and the corre- 
lation function of two relativistic vector bosons in the 
framework of quantum field theory. We have classified 
two-particle covariant states and defined the observables 
corresponding to detectors measuring the spin of the par- 
ticles with momenta belonging to a given region of mo- 
mentum space. Using this formalism we have explicitly 
calculated the correlation function and the probabilities 
in the scalar state. We observed strange behavior of 
the correlation function and the probabilities. It appears 
that in the CMF frame for the definite configuration of 
the particles momenta and directions of the spin projec- 
tion measurements, the correlation function still depends 
on the value of the particles momenta. Recall that for two 
fermions the correlation function in CMF frame in the 
singlet state does not depend on momentum . Further- 
more, in the bosonic case for fixed spin measurement di- 
rections, the correlation function (and the probabilities) 
can have extrcma for some finite values of the particles 
momenta. This affects the degree of violation of Bell- type 
inequalities. We have discussed the Bell-type inequality 
([55)1 which is fulfilled in the nonrelativistic limit but is 
violated in some finite region of the particles momenta. 
We have also shown that Bell-type inequality ([73]) which 
is violated for nonrelativistic spin-1 particles in the rela- 
tivistic case is violated more in some finite region of the 
particles momenta. 
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APPENDIX A: EXPLICIT FORM OF MATRICES 

iV"", M"" AND T'"" 



The explicit form of matrices ([5^ is 






— (q X a;)''" 


-;^(qxa;) 




hi 


q (gl ( q X ) - ( q X ) (gl q'^ 









(Ala) 



q--(oj ■ q)- 
— 2 



q_rg^ _ (g; ■ q)^ 

m L rn 



UJj_q 



T t»J ■ q 



1 - o) (g) o;"^ "'^u, \u} f 



q'^ + q (g) w'^l 



(Alb) 



T"^(q,u;) 



■ q I • q)q 



■ q r^T _L • q)q 



a; (g) a;- 



+ [a; $S q^ + q $S a;^] + ^if^^^'u). q ^ 



(Ale) 
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